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Abstract 

In special relativity, testing for spatial anisotropy usually means testing for 
anisotropic propagation of light. This paper explores a different possibility, in 
which light is still assumed to propagate isotropically in all frames with an 
invariant speed, yet other physical effects exhibit a direction dependence. If 
spatial isotropy is not assumed in the derivation of the coordinates transforma- 
tions, the resulting equations differ from the Lorentz relations by an additional 



factor , where n is the anisotropy exponent, which depends on the 

\c + v J 

direction chosen as the x-axis. Time dilation and length contractions become 
direction dependent. The anisotropy exponent is frame-independent, so no pre- 
ferred isotropic frame exists if k is non- vanishing. The Doppler shift can be used 
to measure this exponent and determine experimentally the degree of anisotropy 
our universe actually possesses. 

Keywords: Special Relativity, Anisotropy, Cosmological Frame, Lorentz 
Transformations, Constancy of speed of light 



1. Introduction 

The theory of special relativity is usually said to derive from two assump- 
tions. First, the principle of relativity, which denies privileged status to any 
inertial frame; second, the postulate of the constancy of the speed of light, 
which stipulates that this velocity is independent of the velocity of the emitter 
and of the receiver. 

Several works have tried to test the validity of these assumptions by creating 
alternative theories in which they are violated to some degree or other. These 
test theories of special relativity were naturally centered on possible violations 
of either the principle of the constancy of light [l[ or the principle of relativity 
ii. 

It has long been known that the special theory of relativity is not actually 
based on these two assumptions alone, however [J]. One must also add space 



Email address: adrory8zahav.net.il (Alon Drory) 



Preprint submitted to Elsevier 



November 21, 2011 



homogeneity and isotropy. These symmetries had long been held to be so fun- 
damental as to be almost beyond need of verification. Indeed, Einstein did not 
even mention them as separate assumptions in his original paper Q , though he 
later admitted they were necessary. 

The discovery of parity violation Q significantly altered this attitude. 
The idea that even apparently fundamental symmetries of the universe can be 
broken has found many uses and has gained wide acceptance. Most of these 
symmetries are highly formal, however, and the fundamental symmetries of 
space-time, homogeneity and isotropy, remain unexamined to a large extent. 

Because the theory of special relativity itself is based on a rethinking of basic 
concepts of space and time, it represents the natural seeting in which to explore 
possible violations of these fundamental symmetries. It is also a theory that 
remains fundamental to our description of the universe. It is therefore natural 
to explore whether giving up on the exactness of these symmetries appears has 
any measurable effect in this theory. 

This step markedly differs from other attempts at changing the basic as- 
sumptions of special relativity (SR). Initially, the principle of relativity seemed 
to be more obvious, because of its long history in classical mechanics, and ver- 
ification of SR concentrated on the postulate of the constancy of the speed of 
light. It soon became clear that while the constancy of the two-way speed of 
light (measured along a closed path) is directly testable empirically, the one-way 
speed of light is another matter entirely. Measurements of this speed require 
a clock synchronization procedure, and the conventional character of such a 
procedure has given rise to an extensive literature 

Edwards formulated a theory in which the one-way speed of light could be 
anisotropic, with values that depended on direction The interpretation of 
such theories is delicate, however, because the time parameter that appears in 
the equation may not be directly related to the time experimentally measured by 
clocks. This happens because experimentally, one needs to synchronize clocks at 
different locations and the choice of synchronization method determines the re- 
lation between measured time and the time that appears in the transformations. 
It turns out that when this is done, Edwards's theory is empirically equivalent 
to standard special relativity [lll[l2|- In this sense, Edwards's theory is not a 
true test theory of special relativity. 

A true test theory was formulated by Robertson [ij and generalized by Man- 
souri and Sexl into the currently best known test theory of SR Mansouri 
and Scxl point out that the principle of relativity is less obvious than was pre- 
viously thought because cosmological consideration seem to single out a special 
frame of reference, i.e., the frame in which the cosmic background radiation is 
isotropic. They then explore the consequences of violating the principle of rela- 
tivity by assuming the existence of a single system in which synchronization by 
infinitesimally slow transport of clocks coincides with synchronization by light 
signals. That chosen frame is the only one in which the speed of light turns 
out to be isotropic. In all other frames, it depends on the direction of propa- 
gation. Unlike in Edwards's theory, this effect cannot be eliminated by some 
appropriate choice of synchronization procedure and represents a true physical 
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difference between the preferred frame of reference and all the others. 

Thus, in the Mansouri-Sexl theory, anisotropy always means anisotropy of 
the speed of light in some frames of reference. It has become usual to identify this 
effect with the very notion of spatial anisotropy in SR. The present paper takes 
a different view, one that is in some sense the opposite (or the complementary) 
of the Mansouri-Sexl one. 

In all previous modification of SR, one assumes that space-time homogeneity 
and isotropy hold, and tests for the influence of variations in the speed of light 
on the theory. This paper proceeds in the exact opposite manner. I hold on to 
Einstein's postulates, viz, the relativity principle and the constancy of the speed 
of light in all reference frames, but give up spatial homogeneity and isotropy. 
It must be noted that accordingly, the speed of light is assumed to be isotropic 
in all frames. Acording to the normal usage of the term "spatial anisotropy" in 
the context of special relativity, this would appear to be begging the question, 
since only the speed of light is ever assumed to be anisotropic in standard test 
theories. 

There is no logical reason why it must be so, however. Standard relativ- 
ity theory endows the speed of light with unique properties. Obviously, that 
its value is frame-invariant does not mean that all other velocities or physical 
quantities are also frame-invariant, quite the reverse. The same will be shown 
to be the case here. The speed of light has unique properties. While its value 
is assumed not to depend on orientation, we will see that other properties do. 
Thus, I will show that the two postulates of special relativity allow for a more 
general form of Lorentz transformations that make length contraction and time 
dilation direction-dependent, even though the speed of light is not. In this sense, 
we are truly testing for the possible anisotropy of space, not for the anisotropy 
of light propagation. 

The structure of the paper is as follows. Section [2] starts with the most 
general coordinate transformations that are compatible with the principle of 
relativity, assuming neither space-time homogeneity, isotropy nor the principle 
of constancy of the speed of light. The technical details of this somewhat lengthy 
but straightforward derivation appear in the appendix. These transformations 
are then combined with the requirement that the speed of light be identical in 
all reference frames. This yields automatically linear and hence homogeneous 
equations, which shows that adding space homogeneity to the Einstein postu- 
lates is redundant. Section |3] completes the derivation of the one-dimensional 
transformations by requiring that they form a group. Section |4] extends the 
result to three dimensional space and contains the final transformations. These 
turn out to differ from the Lorentz equations by a velocity dependent factor. 
The dependence on spatial orientation is expressed by an anisotropy exponent 
K that vanishes if space is isotropic. Its basic properties and implications are 
explored in section [5l Section [S] then examines the doppler effect within such a 
theory in order to suggest a possible method of measuring the exponent k. The 
paper concludes with a summary. 
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2. Constancy of the speed of light 



We seek the most general coordinate transformations from one inertial frame 
S to another, S', which verify Einstein's two postulates, namely the principle of 
relativity and the principle of the constancy of the speed of light. 

The first requirement is that inertial (uniform) motions in a frame of ref- 
erence S be transformed into inertial motions in another frame S'. The most 
general inertiality-preserving coordinate transformations are the Fock-Lorentz 
transformations. The appendix contains a new derivation of this result, which 



makes use of more elementary mathematics than the one provided by Fock 13[ . 
The transformations are: 

, PlX+p2t 

X 



qo + qit + q2X 



t' = ^ + ''^ (1) 

qo + qit + q2X 

wherepi,p2 7 B,qQ,qi,q2 are all arbitrary constants that must now be determined 
from additional assumptions. 

The result Eq.(IT]) is completely general, in that it does not assume either 
homogeneity or isotropy of space. The usual procedure is to impose these two 
additional conditions and then add the requirement that the velocity of light be 
invariant in all frames. This yields the Lorentz transformations. 

I ignore space homogeneity and isotropy, and instead impose only the con- 
dition that the velocity of light be identical in all frames, independently of any 
properties of the light source or of the observer. Thus, in the frame S, any light 
signal propagating along the x-axis will be described as 

X = ±ct + xo (2) 

where the ± sign follows from the requirement that any light signal travel at 
the speed c, irrespective of its direction. 

By inserting Eq.(l2]) into the general transformations, Eqs.([l]), we obtain: 



/ 

X 



PlXQ + (P2 ± Cpi)t 

qo + {qi ±cq2)t + q2Xo 



^, ^ Bxo + {l±cB)t 
qo + {qi ±cq2)t + q2Xo 

The principle of the constancy of the speed of light requires that the same 
light signal be described, in the S"-frame, as 

x' = ±ct' + b± (4) 

where the constants b± may differ for each direction of propagation. 

Substituting the transformations Eqs.® into Eq.Q yields the relation: 

Pixo + {p2 ± cpi) t ^ {c^B ±c)t± cBxo + b± [qo + q2Xo + {qi ± cq2) t] (5) 
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Comparing the time dependent and time-independent terms on both sides, we 
find that: 



b± {qo + q2Xo) = xq (jpi =F cB) (6) 
P2 ± cpi = c^B + h± {qi ± cq2) ± c (7) 

Eq.® shows that if xq = 0, b± also vanishes. Substituting this into Eq.(I7]), 
we find 

P2 - c^B = ±c(l -pi) =^ p2^c'B ■ pi = 1 (8) 

The right hand side follows from the equations obtained by taking separately 
the plus and minus signs. 

Returning to Eq.Q and substituting the values of pi and p2, we find imme- 
diately that for any 6±, 

b± {qi ± cq2) = gi = 92 - (9) 

Again, the relations follow from a comparison of the plus and minus signs in the 
terms. 

The coordinate transformations now become 

, X+P2t 



t+mx 

t' = (10) 

90 

Finally, by definition, the origin of the S'-frame, x' = 0, moves with respect to 
the S- frame at a speed w, which immediately implies that 

P2 = -V^B^~^ (11) 

and thus, 

, X ^ vt 



qo{v) 

V 

t T^X 



t' = — (12) 

90 (w) 

Note that these transformations are linear, and that this was obtained with- 
out assuming spatial homogeneity. In the standard derivation of the Lorentz 
equations, it is the homogeneity of space that guarantees the linearity of the 
equations Thus, homogeneity turns out to be redundant, and the linearity 
is actually guaranteed by the principle of the constancy of the speed of light on 
its own. 

The form of the remaining parameter go(w), which clearly may depend on v, 
is fixed by the requirement that these transformations should form a group. 
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3. Group property 

Let us introduce a third frame, S" , which moves with velocity u' with respect 
to the S '-frame. The transformation from S' to S" now reads 

„ x' - u't' 



t' 



qoiu') 



Combining these transformations with the transformations from S to S', 
Eqs. (IT2|) . we obtain the relations 

/ 



1 



t 



qo{u')qo{v) 



1 



U V 
,2 



t - 



t" 



c 

u' -\- V 
u'l 

1 + ^ 



X 
72 



1 



U V 
„2 



(14) 



The group property requires that this should be identical with the direct trans- 
formation from S to S" , 

„ X — ut 



90 (m) 
u 

90 (u) 



(15) 



where u is the velocity of the S" -frame with respect to the S frame. Com- 
parison of this expression with the combined transformation, Ea. (|14p . shows 
immediately that we must have 

" = 7JZ (16) 



and the relation 



90 (m) = 90 



1 



li' + u 



qo{u')qo{v) 



1 



U V 



(17) 
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Eq. p^ is the standard relativistic velocity addition formula. Thus, this for- 
mula does not require either spatial homogeneity or isotropy. It follows from 
only two assumptions, the principle of relativity and the principle of the con- 
stancy of the speed of light. No additional spatial symmetries are required. 

On the other hand, qq differs from the Lorentz form. Note first that if we 
choose w' = in Ea. ([T7|) . we find that 



qo (v) = qo{0)qo{v) => qo{0) ^ i 



(18) 



Keeping the velocity d as a constant parameter, let us define a new variable, 
e, as 



1 



(19) 



1 



where the rightmost side is obtained from Eq. ([T6l 
Let us define a new function ri{v) by 



r]{v) = lnqo{v) 



Eq.(fT7|) now becomes 

ri{v + e) = ?]{v) + 7] 



ec 



In 



1 



(20) 

(21) 



Finally, we can form the derivative of 77(1;) by taking 



lim + = lin, . 



In 1 



>0 



— lim ■ 



Using the fact that 77(0) = 0, we obtain immediately: 
dri(v) 1 



dv 



dv 



(22) 
(23) 



The derivative of ri{v) at = is a constant that we can denote as 

where k is some constant. It is important to note that k does not depend on v 
and is therefore frame-invariant. 

Eg. ((23)) is immediately integrable and yields: 

„,2 - 



1 



V{v) - In 1 - — 



K In 



From the definition of r]{v), Eg. (1^01) . we finally obtain the form of qo: 



qo{v) = \/i - ^ ( ^ii^ 



(25) 



(26) 
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4. Final transformations 



Next consider the transverse axes. Let a light signal be emitted in a diagonal 
direction in the x-y plane from the origin of the frame S at a time to = 0. The 
position of a point on the wavefront is {ct, x, y, 0) when observed in the S frame, 
and {ct' , x' , y' , 0) when observed in the S' frame. Since the speed of light is 
invariant, we must have that 



2 I 2 2.2 

X + y ^ c t 

12 I „,/2 _ 2,/2 



X 



y" = cH" (27) 



Substituting the transformations for x' and t' from Eq. (|12p and comparing 
with the first of Eqs. (l27|) . we obtain 



'2 2 ,/2 12 ( 1 V \ /■r,o\ 
y =c t -X ^ [1 2 -T7-\ (28) 



<1» 



Using Eq. ipS)) for qo{v), we obtain the final form of the transformations: 

(i_iyx~pci 



1-/3 
1 + /3 

1-/9 
1 + P 



V (30) 

(31) 



(i-py ct-px 

V 

where /? = — , as usual. The transformation for z' is obtained in the same way 
c 

we obtained the transformation for y' . 

These transformations differ from the Lorentz transformations, but one may 
wonder whether the difference is not merely conventional. As mentioned above, 
this is what happens in the Edwards theory, where a different synchronization 
procedure leads to apparently different transformations, but these involve a 
non-observable time parameter This time parameter must then be related 
to observable time via the definition of a proper synchronization procedure. 
Once this is done, the Edwards theory turns out to be empirically equivalent to 



SR tUlllSl 



This is not the case here, however. The standard synchronization method 
is the Einstein convention, which uses light signals. Since test theories of SR 
alter the postulate of constancy of speed of light, this method is no longer 
directly usable in the new theories. This is why care must be taken to relate the 
time parameter that appears in the transformations to the experimental time 
measured by synchronized clocks. Here, on the other hand, the postulate of 
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constancy of the speed of light remains untouched. Thus, the one-way speed of 
hght is isotropic by definition, and the Einstein clock synchronization procedure 
is applicable. This means that the time obtained in the transformations is 
directly measurable. In Eqs. (P^ - (l5^ . all relevant parameters represent true 
physical quantities. The difference with the Lorentz transformation represents 
an actual physical effect, therefore, and cannot be eliminated merely by a change 
of conventions. 



5. Properties of n 

The Lorentz transformations are recovered if we set k = 0. If k does not 
vanish, however, its value will in general depend on the choice of the x-axis. 

Let S' be a frame moving at a velocity v in the positive x direction with 
respect to the frame S. The x-axis and x'-axis are parallel. Consider an event 
E happening at a space-time point {ct,x) in the S-frame. In the S'-frame, the 
position of the event is given by Eq. ((29|) . 

Now let us rotate the frames by tt radians. Denote the rotated S-frame by 
Sr and the rotated S'-frame by S'j^. We do not reverse the direction of motion 
of the frame S', and consequently, /3ii = —/3. The event E now takes place on 
the negative x-axis, so that xr = —x and x'^ — —x'. Clearly we have that 



I-ISrY" XR-pRct 



1 + 

Substituting the values of xr and Pr into Eq. p3p yields now 

'l + PY" -x + l3ct 



Comparison with Eq. ()29|) shows immediately that 



(33) 



(34) 



kr = —k (35) 

Thus, we see that if the exponent k does not vanish, its value depends on the 
orientation of the x-axis. This means that the exponent k represents a measure 
of the anisotropy of space. 

Since k changes sign under a rotation of tt, there must be at least one specific 
direction in space for which k = 0. Along this axis, standard special relativity 
is valid without any alterations. Let us then denote by 6 the angle of any other 
direction with respect to this preferred axis. Eg. (1351) can now be rewritten as 



K{9 + n) ^ -K{e) (36) 

which is necessarily a symmetry of the anisotropy exponent. 

As one motivation for their work, Mansouri and Sexl mention that cosmolog- 
ical considerations hint at the special status of a specific reference frame, namely 
that frame in which the background cosmic radiation is isotropic. It is tempting 
to think of the present work in similar terms, i.e., the idea that there might 
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be a preferred frame in which physics is isotropic, with other frames exhibiting 
anisotropy via the scahng factor I ^ ^ 1 . Such an interpretation would be 
incorrect, however. 

First, contrary to the Mansouri-Sexl theory, the present work assumes the 
validity of the principle of relativity, and hence the equal status of all reference 
frames. If the anisotropy of physical effects were frame-dependent, this would 
violate the relativity principle. Second, the anisotropy exponent, k, was found 
to be independent of the velocity of the frames. Thus, it is a frame-invariant 
quantity. If space is anisotropic, therefore, this is not an effect that can be 
eliminated by transferring to some proper frame of reference. The effect will 
show up identically in all inertial frames. 

One may think that this is an unlikely state of affairs. It would seem at 
first sight far more likely that there exists a cosmologically preferred frame of 
reference in which all directions are equivalent, with other frames exhibiting 
anisotropy with respect to the preferred frame, depending, e.g., on the direction 
of motion of the frames. 

The present analysis does not forbid such a state of affairs. Instead, it 
proves that if anisotropy is frame-dependent, the speed of light cannot remain 
frame-independent. In other words, if there exists a frame-dependent anisotropy, 
the speed of light will exhibit a similar frame-dependence dependency. This is 
basically the situation covered in standard test theories such as the Mansouri- 
Sexl theory. The present work seeks to investigate the more radical possibility 
that there exists a physical difference between directions in space, that cannot 
be erased by selecting an appropriate frame. However unlikely one may think 
this is, it is worth verifying, and Eqs. ((29|) - (l32|) offer a numerical assessment of 
whether and to what extent such a preferred direction might exist. 

Clearly we expect k to be small, otherwise we would likely have noticed 
its effects already. Any non-zero value of k will only appear in high-precision 
experiments, therefore. Note again that according to Eg. ([TBI) , effects depending 
on velocity addition are isotropic, and thus cannot serve to measure k. Since 
some optical measurements can be made to a very high precision, however, it 
would appear that this is a convenient field in which to search for the effects of 
spatial anisotropy. 

There is unfortunately no reliable way to extract bounds on the value of 
K from present measurements, however precise. The reason is Eg. pop . which 
implies that there is at least one direction in space along which k = 0. Thus, 
a single experiment will never provide reliable bounds on k because one cannot 
discard the possibility that the experiment was performed, by chance, in the 
direction of vanishing anisotropy exponent. For the same reason, one cannot 
extract a bound on k from existing data, since the direction in which the ex- 
periments were set up is not typically recorded. A proper measurement of k 
requires a setup in which the direction of measurement can be varied, and the 
results compared for different orientations, it is the variation of the value of k in 
space that would provide the signal test for the existence of spatial anisotropy. 
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6. Measuring k through the Doppler shift 



One convenient possibility of measuring k is tlirougli the Doppler shift. Con- 
sider a light source that emits a signal with frequency /o in its rest frame S'. Let 
this rest frame be moving at velocity v with respect to the lab frame S and the 
light be emitted towards the S observer. The transformation Eg. (15^ implies 
that in the S-frame, the emitted period, T, differs from the rest period Tq by 

The emitter can be chosen as the origin of the frame S', so that its position 
in the S frame is a; = PcT. Substituting this into Ea. p7p yields 

T=f^y^^ (38) 

In the S frame, the emitted wavelength is Xemit = c/T, but S observes 
a different wavelength because the distance between two successive crests is 
shortened by the emitter's motion. The received wavelength Xrec is given by 
the standard relation 

Xobs — Xemit ~ vT (39) 

Substituting the value of T from Eg. ([38)1 into this relation yields 

-0.5 

where Aq ~ cTq is the wavelength emitted in the rest frame. Finally, the fre- 
quency that S measures is 

(i±|)"-";„ (41, 

Thus, a precise measurement of the Doppler shift along various directions 
can provide a determination of the isotropy of space. Any deviation of the 
exponent in Ea. (|41[) from 0.5 would be a confirmation that space is anisotropic. 

As mentioned in the previous section, much more significant would be a scan 
of the Doppler shift in various directions, while keeping the speed of the emitter, 
V, constant. A non-vanishing value of k would reveal itself as a systematic 
variation of the exponent in Eq. (1411) , which must verify the symmetry relation 
Eg. ([55]) . Thus, the exponent should rise slightly as the direction of the motion 
of the emitter is rotated from the preferred direction along which k — 0, then 
dip after completing a half-turn, finally to return to its original value once the 
circle is complete. A measurement of this (or a similar) effect would provide us 
with a quantitative estimate of the degree of anisotropy of our universe. 



Xobs = { ^) Ao (40) 
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The transverse Doppler shift arises, as in standard relativity, from the changes 
in frequency only. Thus, if a source S' moves in the x-direction and emits a light 
signal in the y-direction, the observer in the S-frame will observe a different fre- 
quency only because of the time dilation effect, Eq. ([55)) . Hence, the transverse 
frequency will be observed to be 



Because k depends on the orientation, identical emitters sending pulses of 
light transversally but along different lines should exhibit a different doppler 
shift, if the anisotropy exponent does not vanish. 

7. Conclusions 

In this paper, I have examined whether a possible violation of spatial isotropy 
and homegeneity would be detectable. Because these symmetries play a special 
role in the theory of special relativity, it is natural to examine the implications 
of their violations in this theory. 

I have shown that homogeneity is recovered automatically from the postu- 
late of the constancy of the speed of light and therefore any violation of this 
symmetry will not show up in the Lorentz transformations or its consequences. 

Second, the relativistic rule of addition of velocities is also independent of 
the assumptions of homogeneity and isotropy, and derives solely from Einstein's 
two original assumptions. Thus, any effect that derives from this rule will also 
be impervious to any violation of isotropy or homogeneity. 

The coordinate transformations themselves are altered, however, if isotropy 
is violated. The violation appears as an additional factor that is direction de- 
pendent. The standard Lorentz transformations are now multiplied by the term 



S', which is chosen to be the x-dircction. The exponent changes sign upon a 
rotation by tt radians of the direction of the x-axis. 

The exponent is frame- independent, however, so the anisotropy under dis- 
cussion here differs fundamentally from what is expected at present from cosmo- 
logical considerations. The cosmological frame in which the cosmic background 
radiation is isotropic holds no particular position here. A non- vanishing k, would 
show up experimentally even in that frame. 

If such an effect does exist, I suggest that a good place to seek it is by 
checking the doppler shift of emitters moving in various directions. Present 
data is insufficient to analyse the value of k, because the direction in which 
the measurement is performed is not recorded. Since there exists at least one 
direction in space in which k vanishes, there is no way to assess whether past 
experiments should exhibit a measurable effect. A proper measurement of k 
requires a rotation of the apparatus along a full circle to check for possible 
variations in the value of the measured quantities. 




(42) 




. The exponent k depends on the direction of the velocity of the frame 
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Should such an effect be discovered, its imphcations could be profound for the 
description of our universe. Besides the import of the added terms in the Lorentz 
transformations, which would extend to every theory based on special relativity, 
a non-zero value of the anisotropy exponent further implies that there is a 
preferred direction in our universe along which the exponent vanishes, as noted 
above. This direction ought then to present further peculiarities of interest, 
which might open new fields of research in cosmology among others. 
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Appendix 

Consider two frames of reference, S and S', the latter moving with respect 
to the former with a velocity v directed along the positive x axis. We seek 
the transformations of the space time coordinates from one frame to another, 
assuming only that both frames are inertial, i.e., we seek the explicit form of 
the fimctions: 

x' ^ F{x,t) (.1) 
t'^G{x,t) (.2) 

That the two frames are inertial means that the law of inertia holds in both. 
We assume, arbitrarily, that S is inertial, so that isolated bodies move uniformly 
with respect to this frame. For S' to be inertial requires that such bodies also 
move uniformly with respect to S'. Hence, if x = ut + xq (where u is the velocity 
in the frame S and Xq the initial position), then the position of the same body 
when referred to the frame S' must be of the form: 

x' = a(u, xo)<' + xq) 

where a{u,xo) is the body's velocity in S' and 6(u,xo) its initial position in S'. 
Both quantities obviously depend on u and xq, the corresponding quantities in 
the frame S. Substituting these expressions into Eq.([?T]) yields the relation: 

a(u, xo)G{ut + xo,t) + b{u, xq) = F{ut + xq, t) 

Since this must hold for all values of u and xg, we can set u = 0. Furthermore, 
since xq is arbitrary, we can rewrite it simply as x. Hence, Eq.Q now becomes 

a(0, x)G{x, t) + 6(0, x) = F{x, t) 

thus yielding a general relation between F{x^ t) and G{x, t) that is valid for all 
X and t. Let us define two functions of a single variable: 

a{x) — a(0, x) (.3) 
/3(x) = 5(0,x) (.4) 

We can now write our transformation as: 

x'{t) = a{x)G{x,t)+l3{x) (.5) 
t' = G{x,t) (.6) 

where G{x, t), a{x) and /3{x) remain to be determined. Substituting x = ut + xq 
and x' — a{u, xo)t' + b(u, xq) again, we obtain, after rearranging the terms 
slightly: 

b{u, xo) — [a{ut + Xq) — a{u, xq)] G{ut + xq, t) + I3{ut + xq) (.7) 
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Now the left hand side must be independent of the time t. The functional 
forms of G{x,t),a{x), I3{x) and a{u,xo) are then completely determined by the 
requirement that the right hand side must also be independent of t. 

To begin with we can eliminate b{u, xq) by setting t = in the right hand 
side. This yields the relation: 

b{u, xo) = [a{xo) - a{u, xq)] G{xo, 0) + /3(xo) (.8) 

Subtracting this from Eq.([?7]), we obtain the relation 

— [a{ut + Xo) - a{u, xq)] G{ut + x^, t) + I3{ut + a;o) — P{xo) 

-[a{x(3) - a[u,XQ)]G{xQ,Q) (.9) 

This is the fundamental relation from which we can determine the form of all 
the unknown functions. 

For simplicity we can further assume that the two frames we compare have 
been set up so that the time t = is the moment when both origins coincide, 
and that this is also the moment from which the time t' is measured. This 
implies that at the time t = 0, we have: 

= t'-G(x,i)U=o,t=o = G(0,0) (.10) 
= x'{t' = 0) = [a(0) + a(0, 0)] G(0, 0) + /3(0) =^ ^(0) = (.11) 

Next, set xq = in Eg. lTO)) . Furthermore, since the parameter u is arbitrary, 
we can define, for any pair that it = f . Replacing the parameter u by this 
ratio and using Ea. (|.10p . we can isolate the function G{x,t) and express it as: 

Gi-,t)- y ^ ^ (-12) 
a (^-,0j - a{x) 

This reduces the number of unknown functions by one, and leaves us with 
a{x),l3{x) and a(w, 0) still to determine. This is done by noting that the basic 
relation, Eq.([]ni), implies that the right hand side must be independent of time, 
so that all its derivatives must vanish identically. Retaining only the elements 
that depend on time, we find that: 

— {[a(Mt + a;o) ~ 1(^7 2:0)] G{ut + xq, t) + j3{ut + xq)} = (-13) 

^ {[a{ut + Xo) - a{u, xq)] G{ut + xo,t) + I3{ut + xo)} = (.14) 

In the first derivative, set xo = and t = 0. We can now isolate the function 
a{u, 0) and obtain: 

a(u,0)^a(0)+ ^'^ (.15) 
1 + B ■ u 
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where the constants A, B are defined as: 



A 



B 



(dm\ 

\ dx ) 

\ dt 
/ dG{Q,Q) 
\ dx 
( dG{0,0) 
V dt 



(.16) 



(.17) 



subsituting the result Ea. (|.15p for a{u,0) back into the expression for G{x,t), 
Eq. (|.12|) . we obtain for this function the form: 



Gix,t) 



where we defined the function: 



Pjx) {t + Bx) 
Ax - d{x) {t + Bx) 



(.18) 



S{x) — a{x) — a{0) 



(.19) 



Finally, consider the second derivative in Ea. (|.14p . After calculating the deriva- 
tive, we set t = and rewrite xq as x, since this is an arbitrary parameter. This 
yields the expression: 







2d'S{x) 



dx 



^G(x,0)' 



G'(a;,0) + 2u 



d6{x) 



dx 



dG{x,0) dG{x,0) 



dx 



dt 



dG(x,Q) 



dG(x,0) 
dt 



,d^G{x,0) 
dx"^ 



2u 



d^Gix,0) d^G{x,0) 



dxdt 



dt^ 



(.20) 



This rather complex expression can now be simplified. We divide by u and 

, . , , dGix,0) dG(x,0) , , . 

multiply by u 1 . Ihe parameter u doesn t appear m any 

dx dt 

of the functions G{x,0), S{x), l3{x) or their derivatives, so all the powers of u 
appear explicitly as coefficients. Collecting the various terms according to their 
powers of w, we end up with a quadratic equation: 



= G2U^ + Cm + Co 
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where the coefficients Ci are given by: 



Co 



dS{x) 



dx 



Ci 



dG{x,0) 
dt 

dG{x,0) d^6{x) 



dt 
dxdt 



dx'^ 

dl3{x) dS{x 
dx dx 



dl3{x) d5{x) 
dx 

G(x,0) 



dx 



G{x,0) 



d'^Gjx.Q) 



d5{x) dG{x,Q) dGix,0) 



dx 
G{x,Q) 



dx dt 
dG{x,0) d'^Pix) 



dt 



dx'^ 



dG{x,0) dH{x) 
G2 = ;-^G(a;, 0) 



dx 



dx'^ 



^ ddjx) 
dx 



dG{x,0) 



dx 



^ d^G{x,0) 
dx^ 



dP{x) dS{x) 



dx 



dx 



Gix,0) 



dG{x, 0) d^l3{x) 



dx 



dx^ 



(.21) 



(.22) 



(.23) 



Clearly, every one of these coefficients must vanish separately. Consider first 
the coefficient Cq. Using the form of G{x,t) given by Eg. d.lSp . we end up with 
the following expression for this coefficient: 



Co 



2Axl3{x) 



[Ax ~ xS{x)BY 



Pix 



ddjx) 
dx 



S{x) 



d(i(x) 
dx 







The possibility ^ = yields that a{u,xo) — a(0), i.e., the velocity measured 
in the primed frame would be independent of the velocity u in the unprimed 
frame, which is clearly impossible. Similarly, the possibility that (3{x) = leads 
to G{x, t) = Q for any x, t which is again meaningless. The vanishing of Cq must 
therefore imply that: 

^d5{x) ,,,df3{x) 



The solution of this equation is 



dx 



Six)- 



dx 



= 



6{x) = Dl3{x) 



.24) 



where D is some constant. 

The vanishing of Ci and C2 turns out to yield identical results, so we can look 
at, e.g., Ci to determine the single remaining unknown function l3{x). Using 
the previous results Eas (|.18[) and (|.24p . we obtain: 



= Ci 



x[A- BDf3{x)Y 



P{x 



d^(3{x) 
dx 



dl3{x) 
dx 



dp{x) 
dx 



The expression in the curly brackets must vanish, which can be shown to imply 
that: 



dx 



■In 



X 



2 df}{x) 



dx 



/32(x) 







This is immediately integrable to yield: 



p ■ X 
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where p, q are arbitrary constants. 

Substituting this back into the expression for G{x,t), Ea. (|.18p . and using 
the expression for 5{x), Ea. (|.24l) . we find finally: 



qo + qit + qox 
where we define: 

qo = q-A (.25) 
qi = -D (.26) 
q2=p-A-B-D (.27) 

Of course, since A, B, D,p,q are all arbitrary, the specific definitions of the qt 
do not matter. These are merely an alternative set of arbitrary constants. 

We can now substitute this expression back into Eq. ([31) to obtain the result 
for x' . The final form of the transformation can now be written as: 

, PlX+P2t 

X 



qQ + qit + qox 
where Pi,P2, B, qo,qi, q2 are all arbitrary constants 



qo + qit + qox 

^ + (.28) 
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